2 In-plane loading —
membrane elements

2.4 Equilibrium and yield conditions
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This chapter discusses equilibrium and yield conditions for membrane elements.

In the first part, as a repetition of Stahlbeton I, the equilibrium conditions are established and the yield
conditions for orthogonally reinforced membrane elements are derived.

In addition, the yield conditions for skew reinforcement are shown.

As in the lecture Stahlbeton |, membrane elements are considered in the plane (x, z), since this
corresponds to the situation of the girder of a web (longitudinal axis of the girder in x-direction). Therefore,
stresses {o,, 0,, T,,} or membrane forces {n,, n,, n,,} = h-{o,, 0,, T,,} areinvestigated (h = membrane
element thickness). Of course, the equilibrium and transformation formulas can be formulated analogously
for membrane elements in the plane (x, y) (stresses {o,, o,, T,,} and membrane forces {n,, n, n, } =
h-{o,, 0y, Ty, D).



Learning objectives

Within this chapter, the students are able to:

13.10.2021

identify the relevance of membrane elements in structural concrete, and how they can be used to
design a more general shell structure.

assess the equilibrium of reinforced concrete membrane elements as a combination of concrete and
reinforcement.

o

combine the yield conditions of concrete and reinforcement to determine the yield conditions of
membrane elements with orthogonal reinforcement.

distinguish and explain the different yield regimens.

design membrane elements with orthogonal reinforcement either with yielding of both
reinforcements (regime 1) or with concrete crushing and yielding of the longitudinal reinforcement
(regime 2).

illustrate the behaviour of a membrane element with skew reinforcement and yielding of both
reinforcements (regime 1) by means of Mohr’s circles.
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Membrane elements - Introduction

Definition
The analysis of membrane elements presented in this chapter is valid for: __?
- In-plane loaded elements ‘ X
- Homogeneously loaded (i.e. no variations of stresses) o
- Homogeneously distributed reinforcing bars - steel and bond stresses | dz T’ &_"
can be modeled by equivalent stresses uniformly distributed over the
thickness and in the transverse direction between the reinforcing bars
———
Only a very few structural elements fulfil these criteria and can be directly l 7 *
designed as a single membrane element. Why studying this theoretical
case?

The local behaviour of a plane structure subjected to a general loading (i.e. in-plane forces, bending moments, twisting
moments and transverse shear) can be modelled by a combination of membrane elements (sandwich or layered
approaches). With numerical approaches, the behaviour of most structures can be modelled by the superposition of

membrane elements (see following slide).
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Membrane elements are strong simplifications from reality. Many structural elements are not only
subjected to in-plane loading, as e.g. slabs or shells subjected to general loading. Moreover, even in in-
plane loading structures, the reinforcement and the applied loading are hardly ever evenly distributed in
the entire structural element. Why is this case very relevant?



Membrane elements - Introduction

Modelling of structures composed by plane elements Generally loaded shell element
(8 stress resultants)

Membrane
element

Membrane
element

Ay

[Seelhofer, 2009]

ey My
Mexyu
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Most concrete structures can be modelled as a superposition of local plane elements. A plane elements
subjected to general loading can be modelled by a combination of membrane elements. This general
loading can be modelled as sublayers subjected to in-plane loads (membrane elements).

In the right figure the sandwich model is shown. This model will be presented in the chapter of slabs. The
sandwich covers carry the bending and twisting moments with in-plane loads, besides the membrane
forces. Hence, each cover is subjected exclusively to in-plane loading and can be treated and design as a
membrane element. In addition, the sandwich core absorbs the transvers shear forces. The principal
shear direction of the core can be also design as a membrane element (similarly to the web of a beam). In
the case of high membrane (compressive) forces the core can also be used to resist the membrane
forces, however, the interaction with the transverse shear force should be considered. This can be done
by discretising the structural element with multiple coupled membrane layers. This is known as a layered
approach.

These approaches are typically applied by means of numerical approaches (further information in specific
chapter on this topic).



Membrane elements - Equilibrium

Equilibrium conditions

T,,dX

rfzdx

X

1,0z (o, +0,,dx)dz
- — '
c,dz &

(T, + T, 0X)dz

l T(rxz +71,,,dz)dx
z

(o, +0o,,dz)dx

A stress component is taken as positive if it acts in a positive (negative)
direction on an element face where a vector normal to the face is in a
positive (negative) direction relative to the axis considered.

Positive membrane forces correspond to positive stresses
Indices: 1-direction of the stress, 2-direction of the normal vector

Equilibrium in directions X, z:

oo, Ot

X+ —2 40, =0
ox oz
%4,&4,(12 =0
oX 0z

Or in membrane forces
(o, T constant over membrane element
thickness h):

%+%+h.qx =0
oX oz
on

J+%+h.qzzo
ox oz

(nx =ho, n,=ho, n,= h‘rxz)

With (moment condition M, = 0):

TZX = TXZ resp nZX = nXZ
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Repetition Stahlbeton I:

- Equilibrium conditions for membrane elements

- Formulation in stresses {o} or in membrane forces { n} with {n}=h- {o}
(with the membrane element thickness h (often also defined as t or b,))



Membrane elements - Stress transformation

Stress transformation: Mohr's circle T

G
‘?(+)

1, sm(MG .sing T, C08¢ TG cos ¢

L cos<p 7?’ " c Sln(p T
c COS(p \G G "V T, 8iNQ 20 <5
Ty t e P o
] 1
: N

z ¢ 9,/Q (Pol)
6, =G, C08’ +0,sin’ o+ 21, SINECOS @
6, =0, sin* p+c, cos’ ¢— 21, SiNQCOS @
1, = (o, —c,)sinpcos o+ t,,(cos? p—sin® )
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Repetition Stahlbeton I:
- Stress transformation and representation in the Mohr’s Circle

- Principal directions and principal stresses (directions with t,,=0, maximum / minimum values of normal
stress)

- The sign convention in Mohr's circle differs from the usual convention



Membrane elements - Stress transformation

Stress transformation: Mohr's circle

T, smcpf(T :Sing T, COS @ TG cose

T COS(p 7\; " > Sln(p
0C05(p1 \G G Tt"% Jt . SiNQ
tn
Z

(e
”?(+)
X
29 2¢,
1
[\
¢ ¢ /Q (Pol)

o, +0 o, — 0O .
"= # +%C052(p+rxz sin2¢
0s 2¢ = €0s* p—sin? ¢
0, =250 O =% 05201, sin2 in? 2
T 2 P—Ty ¢ 1=sin“@+cos” ¢
6,-G, . Sin 2¢ = 2sin ¢ cos ¢
T, = " sin2¢+T,, COS 2¢
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Repetition Stahlbeton |



Membrane elements - Stress transformation

Stress transformation: Mohr's circle T

G
‘:(+)

T, smcpf(T Sing 1,,C0S @ 16 cos¢

T, cos<P ??; " > Sln(p .
G, COS(p \G G "% T, 8iNQ 20 <5
T t e P
3 1 °
‘ N

z ¢ 9,/Q (Pol)
o, +0 c,—O .
n = ———=+—2—LC0s2¢p+T1,,Sin2¢
2 2 1 5
6x+0, A 6«~0C, ; 1,=1,=0 - o, ==tan™" L
c, = 5 +—=—=c0s2¢p—T1,,Sin2¢ 2 6, -0,
— 2 2
(e o, . —
Ty = - X2 Lsin2¢ +1,, COS2¢ o =xt% (0,-0,) +45
137 -
' 2 2
Centre / Radius Mohr's circle
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Repetition Stahlbeton |



Membrane elements - Equilibrium

Equilibrium («reinforced concrete = concrete + reinforcement»)
Orthogonally reinforced element (reinforcement directions X, z):

» Concrete is homogeneous and isotropic, absorbs compressive stresses < f_ in any direction
but no tensile stresses

* Reinforcement only carries forces in the direction of the bar, up to a maximum value f; and is distributed and anchored in
such a way that equivalent distributed stresses can be expected

» Perfect bond between concrete and reinforcement T
T — = —X
-
In membrane forces: n.=n_+n =n_+a.c 3 *>< JJ’HI —| "«
X Xc Xs Xc sx 2 sx ] _ﬁ"l)d’_ﬁca R
n/ = n/C + nZS = nXC + aSZGSZ @ n —_
nxz = nxzc + nxzs = e o “‘; ZX h
(nx =ho, n,=ho, n,= hrxz) 74 nz& Ny,
In equivalent stresses: O, =0,.+p,0 T = =] X
B
G, =0, +p,0, 3 H’X il G
- -—|| sl
Ty = Ty H;’ 7= ]oc3
(reinforcement ratios p, = a,, /h, p, =a,,/h) M Tax
7y O, ‘ Txz
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Repetition Stahlbeton I: Forces in orthogonally reinforced membrane elements
- The applied load must correspond to the sum of the forces in concrete and reinforcement.

- Coordinate axes in reinforced concrete are conventionally selected such that they coincide with the
reinforcement directions (usually x-axis in the direction of the stronger reinforcement). With inclined
reinforcement, the x-axis coincides with one reinforcement direction.

- Orthogonal reinforcement in direction of coordinate axes x and z does not contribute to n,,, i.e.
n,,s =0.

- Instead of forces, the formulation can be expressed in equivalent stresses (concrete stresses and
stresses in the reinforcement multiplied by the respective geometrical reinforcement ratio, which
corresponds to the membrane forces divided by the element thickness).

Additional remark:

- When strictly deriving equivalent stresses, a correction term should also be introduced for concrete
stresses (analogous to the factor (1-p) for normal force), since not the entire membrane element
thickness is available. For normal membrane forces in the x- and z-directions, this would be (1- p, )
and (1- p,). Since usually an inclined stress field results in relation to the reinforcement directions
(concrete compression can be transferred as transverse compression via reinforcement), this
correction term is usually neglected. However, it can be seen that the concrete stress field is disturbed
by the reinforcement.



Membrane elements - Equilibrium

Equilibrium («reinforced concrete = concrete + reinforcement»)
Orthogonally reinforced element (reinforcement directions X, z):

Representation with Mohr’s circles (straightforward for orthogonal reinforcement, since t,,; = 0)

X T
i

o Py O /\{F
- stresses external
o = 71 in concrete loading
iy con B8 [ \
= 1£A6c3 —
7 3 o 1 (e}
— — Tox o O
— O
I R P.Cs;
Q Z Ly Qp
Gx = ch + prsx = GCS COSZ o+ pr
O; =0y POy =Gc3SIN A +p,0y x, z: directions of reinforcement, behaviour
T = Tye =—-0SInacosa not isotropic (also not for ag, = ag,)!
o Principal direction of concrete compression
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Repetition Stahlbeton I: Forces in orthogonally reinforced membrane elements

Behaviour is not isotropic, not even with "isotropic reinforcement" (same reinforcement in both
directions)!

«Shear is related to the direction of the (x-) reinforcement!



Membrane elements - Yield conditions

Yield conditions of Tresca and v. Mises for plane stress conditions

{4
Tresca-.

e prey _fs
von Mises‘j

Tresca
MaX(‘O'1

- Principal stress plane: hexagon

O3

) |61_C73D_fs:0

- Space: two elliptical cones and connecting elliptical cylinder
v. Mises
ol-0,0,+0 432 -7 =0
- Principal stress plane: ellipse circumscribed by the Tresca hexagon
- Space? Ellipsoid circumscribed by the yield condition of Tresca
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Yield conditions for isotropic materials (e.g. steel: Tresca, von Mises) cannot be applied to reinforced
concrete, neither for the dimensioning of reinforcement and not even if it is "isotropic” (equal reinforcement
ratio in both directions). Their application can be on the safe or unsafe side.

There is an obvious difference, for example, for the behaviour under combined tensile/compressive
actions, where loading in one reinforcement direction does not influence the resistance of the
reinforcement in the other reinforcement direction; according to Tresca / von Mises, on the other hand,
compressive resistance in one direction is reduced by tensile loading acting perpendicularly to it (and vice
versa). On the other hand, a material with yield conditions according to Tresca / von Mises has a shear
resistance, which orthogonal (isotropic) reinforcement does not have.



Repetition SBI - Interaction diagrams (M, N)

Rectangular cross-section - rigid-perfectly plastic behaviour, without concrete cover
(1) Concrete

c, M
Repetition SBI b
- Y, =0
A i = X bh* £, /8
n, N f, —&, Z Y. <0 1
= X 2 Dbf \1h/2
C O E g = N |h o . c - . -
R —bhf —bh f./2 N
E, > —_tz c ol
£ 1 Al "N 0 TS— T L_bh?f /8
D B A fc & C/
) h ¢ h N — Non-plastic domain Y.< 0, limited by yield surface
Compression N =—| =" |bf, M, =-N_|—+— _ : e
zone (top): [2 i j o ¥ c[z bec] Y. = 0 (consists of two parabolas)
) hog h N — Plastic strain increments are orthogonal to the
Compression zone N, = _(7+im] bf,, =M, =-N, (7+ c ] yield surface, directed outwards (associated flow
(bottom): 2 9 2 2bf, rule, generally & =1 -grady.
Yield functi Y.=tM +N h+ N, 0
ield function: =M . = =
g 2 2bf,
Yield law: sin N No _ OY/ON,
% 2 bf, oY, /oM,
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Repetition Stahlbeton | (or Baustatik): Bending and normal force



Repetition SBI - Interaction diagrams (M, N)

Rectangular cross-section - rigid-perfectly plastic behaviour, without concrete cover, A, = A’

(2) Reinforcement [ h| M
O vA,f: Af‘?‘gy’
e f D KA
T RTE = Y, =0 it
Es*>°0 fc i ém
Ho P ©s i 21, W2 2a 1, N
I ) ZAath
- NEALR
J ' f ' f E
AL

— Non-plastic domain Y, < 0 for two reinforcement layers is a parallelogram (for symmetrical reinforcement A= A’y —
rhombus), which is defined by the vectors corresponding to the two reinforcement layers.

— Graphical combination of the two reinforcement layers by geometric linear combination
(see combination of concrete and reinforcement)

— Corner points: both reinforcements yield, sides: one reinforcement yields

— Plastic strain increments are orthogonal to the yield surface Y = 0, directed outwards (to the yield surface), i.e. gradients
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Repetition Stahlbeton | (or Baustatik): Bending and normal force



Repetition SBI - Interaction diagrams (M, N)

= concrete + reinforcement

— Yield surface of reinforced concrete obtained by geometric linear
combination of the yield surfaces Y, =0 and Y, =0

— Procedure: Move the yield surface (Y, = 0) with its origin along
yield surface (Y = 0)
(or vice versa Y, =0 along Y, = 0)

— Resulting area Y < 0 corresponds to the non-plastic domain of
the reinforced concrete cross-section, it is at least weakly convex, i Y20
the associated flow rule (orthogonality of the plastic strain ¢ l} o ~(
increments with respect to yield surface) still applies 2|\3 / ¥<0 Nl ¢
— One reinforcement remains elastic (rigid) along the straight ™ e -
segments of the yield surface. R
Zy e d N O
— Procedure transferable to any component and stresses ,—fE, “ . o \AS\ N
\\ :\x -
/(,i:'/ - N\, \2
H
-
13.10.2021 ETH Zurich | Chair of Concrete Structures and Bridge Design | Advanced Structural Concrete 14

Repetition Stahlbeton | (or Baustatik): Bending and normal force

- Interaction diagrams of reinforced concrete beams under bending and normal force can be determined
for perfectly plastic behaviour by means of a graphical linear combination of the non-plastic domains of
concrete and reinforcement.



Membrane elements - Yield conditions

Yield condition for orthogonally reinforced membrane elements f n =n._+n
. — I x — llxe Xs

(«Reinforced concrete = concrete + reinforcement»): o H":f_,—f X =n,+a,o,

3 X A n o

o e X _
i n, =n_.+n
Membrane thickness h -'_1 - 1846 L_'— r nzc + aZSG
Concrete and steel perfectly plastic, perfect (rigid) bond Jﬁf:,r n, oo
Replace designations f, and f, (tension) or f,' (compression) at n r N Ny =Ny
design with f, =k, fyand f,=- ' ="f, T e
Yield condition reinforcement: Yield condition concrete:
(absorbs only forces in its direction) (homogeneous, isotropic, with f,, = 0)

n

Xzc hf /2
1

'
aSl fsl
4 a.f, N
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Repetition Stahlbeton I: Yield conditions of orthogonally reinforced membrane elements:

- Yield conditions of orthogonally reinforced shear elements can be determined analogously to the
interaction diagrams for bending and normal force by a graphical linear combination of the non-plastic
domains of concrete and reinforcement.

- Non-plastic domain of orthogonal reinforcement: rectangle in the reinforcement plane n,,=t,,=0

xz =

- Non-plastic domain of the concrete: two elliptical cones (front o, =0, back o ;=-f.)



Membrane elements - Yield conditions

Yield condition for orthogonally reinforced membrane elements

Geometric linear combination concrete + reinforcement

i

o

PEA 2k

i
"llv_:_&::z
[~

— =X

X

/ nXZS
/
—f/<o, <A
/]
nXS
aSX fS)( aSX fS;
n

s

13.10.2021
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nX = nXC + nXS
= nXC + aSXGSX
nZ = nZC + nZS
= nXC + aSZCFSZ
nXZ = nXZC
Procedure:

Move the yield surface Y, = 0 with its
origin along yield surface Y, =0
(or vice versa Y = 0 along Y, = 0)

16

Repetition Stahlbeton I: Yield conditions of orthogonally reinforced membrane elements




Membrane elements - Yield conditions

) . . . . n
Yield conditions / yield Regimes reinforced concrete s

Linear combination of the yield conditions, i.e. shifting the yield condition of the
concrete (origin) along the yield condition of the reinforcement.

«reinforced concrete = steel + concrete»

2
2
Yl =n, - (asx fsx - nx)(asz fsz - nz) =0 !
2 n,|=const
Y2 =N, - (hfc -3 fsz + nz)(asz fsz - nz) =0 ‘ XZ‘
2
Y3 =n, - (asx fsx - nx)(hfc —a fsx + nx) =0
2
Y4:nfz_(h fc/z) =0 6 7
2 3
Y, =n, +(a, f, +n)(hf +a,f, +n,) =0 .
2
Y, =n, +(hf, +a,f, +n,)(a,f, +n,) =0 s
2 n
Y, =n,, —(hf, +a, T, +n)(hf +a,f,+n,) =0 =4
n, 1 \ 2
SN: Reinforcement areas per unit length in x- and z-direction ~ a, = A, /S, &, =A,/s, 1 0
z
13.10.2021 ETH Zurich | Chair of Concrete Structures and Bridge Design | Advanced Structural Concrete

Repetition Stahlbeton I: Yield conditions of orthogonally reinforced membrane elements

17



Membrane elements - Yield conditions

Yield conditions / yield Regime Reinforced concrete

Y,: Both reinforcements yield in tension

(Gsx = fsxv Osz = fszv 0= Ge3 2 'fc)

Y,: z-reinforcement yields in tension, concrete crushes
(05 =fss 0z =T, Foy S 05 =15

Y, x-reinforcement yields in tension, concrete crushes

In

(0 = oo Oz = fes -fiey S0, <1,,)
sx — 'sx» Oc o sz sz = sz xz‘ = const
6
3
\ 4
Ny,
\.)
n, 1 \ 2

SN: failure type: very ductile / ductile (except for very flat stress field inclinations) / 2
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Repetition Stahlbeton I: Yield conditions of orthogonally reinforced membrane elements
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Membrane elements - Yield conditions

Strain increments and principal compressive direction

Strain increments are proportional to the components of the outer normal to the yield surface (gradient) in the
respective point of the yield surface (x = 0: any factor):
€, = Kﬂ & = Ka— v —
* Ton " Ton’ “ on,
Inclination a of the principal compressive direction 3 with respect to the x-axis follows from the Mohr's circle of
plastic strain increments (principal strain direction = principal compressive direction in concrete):

& ¢ . cos(2a) +1 fcosz(2a) +sin’(2a)
cot2o=——>* mit cota =—————=cota)+,—MF—— Y :cot?a=(a_f. —n)/(a.f.—n
,sz Sln(2a) ( ) S|n2(20.) 1 o ( SX S x)/( sz sz z)
/2, Y, :cot’ o= (hf, —a, f, +n,)/(a,f, —n,)
& —¢ £ —£ : A YS :COtZOL:(asx fsx _nx)/(hfc ™ fsx +n><)
cota =—+—=>+ x| 4] 2
y y Y,cota=1
¥ Yx > 4
3 Y, :cot’ o= —(a, f, +n)/(hf, +a,f, +n)
' & Y, :cot’ o = —(hf, +a, f. +n,)/(a, f, +n,)
Tye/2 Y, :cot? o= —(hf, +a, f. +n,)/(hf, +a,fl +n,)
Q z J
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Repetition Stahlbeton I:

Yield conditions of orthogonally reinforced membrane elements



Membrane elements - Yield conditions

Dimensioning of reinforcement

Design practice: Usually Regime 1 (ductile failure type; both reinforcements yield before concrete crushing, concrete remains

“elastic” = undamaged). ‘
a;f,=n fn

sz sz z ‘

Yield condition for Regime 1 in parametric form (— direct dimensioning):
Y1 = nfz _(asx fsx - nx)(a - nz) =0

a, fy =n, +k|n

SX "SX T

-

SZ fSZ hf L

c

xz‘

T
I

k=cota —» \i 3 4
i
I

a, f,2n, +k*n,| Ine| =const 7 y L
Yield condition in Regime 1 is governing (no concrete crushing) if: cot 05 \
o =U.0 !
hf, >a, f, +a,f, —(n +n,) coto=2.0~L7

SN:

— Value of f, see next chapter. Approximation according to SIA 262: f. = k. f.4 (with k.= 0.55)

— Inclination of the concrete stress field in Regime 1 follows from:  cot® o = (a,, f, —n,)/(a, f, —n,)

— Value k = cot a can theoretically be freely chosen, in design standards often limited by the condition 0.5 < k < 2

— Use of k=1, i.e. a =45 "linearised yield conditions", implemented in many FE programs. Safe dimensioning, but this is
just one of many possibilities (possibly strongly on the safe side)
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Repetition Stahlbeton I: Design of orthogonally reinforced membrane elements in Regime 1



Membrane elements - Yield conditions

Web crushing (Regime 2)

If the condition hf, > a, f, +a,, f, —(n, +n,) is not satisfied, a failure
type where the concrete fails under compression (crushes) is governing.

Regime 2 is also of particular practical relevance. It applies if the

conditiona,, f, —n, >a, f, —n, is met.

SX 7 SX SZ z

— Type of failure: Yielding of the z-reinforcement with simultaneous
concrete compressive failure, called web crushing.

— The corresponding limitation of the shear resistance of the membrane
element can be represented as a quarter circle.

— Limitations for cot a correspond to straight lines in the diagram

SN: Figure on the right = projection of the yield surface to the plane (n,,
n,,), shifted by a, f,, (n,= generalised reaction)

13.10.2021

Xz

Regime 4

Regime 2

hf, /2

N cota=20

cota=0.5

hf./2 a,f,-n

Sz sz z
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Repetition Stahlbeton I: Design of orthogonally reinforced membrane elements in Regime 2



Membrane elements - Yield conditions

Skew reinforcements

Calculation of the equivalent orthogonal reinforcement (representation with Mohr’s circles)

2 2 T .
1 & W = . reinfor t equivalent
G535 zzlzpk fsyk i\/(zpk fsyk COS(ZWk)j +(zpk fsyk Sm(z‘l/k )] ‘| A remntorcermen d
r=1 k1 k1

in x direction orthogonal
— —_ reinforcement

m .
i reinforcement
zpk fyesin(2y,) ; it
P X in n direction X
tan(29,) =2 ; :
> i foe c0s(2y, ) / A \
k=1 _ I
3/ - 3!7 39 ]'h \11 le o
T
(see dissertation Seelhofer, 2009) 1 \ \d / o
T N\ [ s
\
& TN,y 0
! A AN
. Gs3
n )
y Ca |
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The following slides show how skew reinforcements can be designed and how the corresponding yield
conditions can be determined [Seelhofer (2009)]. By the term “skew reinforcement”, we refer here to
oblique reinforcement directions (as opposed to orthogonal reinforcement), and NOT to orthogonal

reinforcement simply rotated with respect to the coordinate axes, as sometimes called “skew
reinforcement” in literature.

The membrane element is reinforced in the x- and n-direction whereby the n-direction crosses the x-
direction at an angle y.

The equivalent orthogonal reinforcement can be calculated or determined graphically (see next slides).



Membrane elements - Yield conditions

Skew reinforcements

Graphical determination of the equivalent orthogonal reinforcement

1
reinforcement 1 @)_%—’ X equhivalentI
T in x direction T orthogonal
N\ W(ps reinforcement
y n
T
X, X, X,
3)( 1)( G + 3" /_\1“ 0— = 3)( :3I'| 33/\1“ \\1)( 1370
\4 \4
v y P
Qn Yn Qn Yn =Y. Q:
reinforcement
in n direction
(o} (o]
I8 PO 4 $p"—s"$ (see dissertation Seelhofer, 2009)
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To obtain the equivalent orthogonal reinforcement, the reinforcements in x- and n-direction are
superimposed. In contrast to the reinforcement in x-direction, the inclined reinforcement (n-direction) has a
shear component.

The angle ¢, shows the inclination of the equivalent orthogonal reinforcement with respect to the x-
direction.



Membrane elements - Yield conditions

Skew reinforcements

Graphical determination of the equivalent orthogonal reinforcement

1
t t
reinforcement 1 W}% - X equhivalentI
T in x direction orthogonal
A N\ W‘ps reinforcement
n
. y
X, X, X,
1 = 1
3 cog B Lo _3=% 3 1 L, o
U}
\J (0N
Q, Y, Q TV =y 0)
reinforcement
in n direction
(o) G
' PO 4 % (see dissertation Seelhofer, 2009)
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To obtain the equivalent orthogonal reinforcement, the reinforcements in x- and n-direction are
superimposed. In contrast to the reinforcement in x-direction, the inclined reinforcement (n-direction) has a

shear component.

The angle ¢, shows the inclination of the equivalent orthogonal reinforcement with respect to the x-

direction.



Membrane elements - Yield conditions

Skew reinforcements

Equilibrium (« = concrete + reinforcement»)
equivalent
T orthogonal
A reinforcement
1
| —

(see dissertation Seelhofer, 2009)
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The stress state of the concrete and the reinforcement are in equilibrium with the applied stresses.

The membrane element with skew reinforcement must withstand less shear stress in the concrete
compared to an orthogonally reinforced membrane element.
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Skew reinforcements

Equilibrium (« = concrete + reinforcement»)
equivalent
T orthogonal
reinforcement
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(see dissertation Seelhofer, 2009)
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The stress state of the concrete and the reinforcement are in equilibrium with the applied stresses.

The membrane element with skew reinforcement must withstand less shear stress in the concrete
compared to an orthogonally reinforced membrane element.
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Skew reinforcements

With skew reinforcements, the determination of the yield conditions becomes mathematically significantly
more complicated. For Regime 1, for example, the yield condition becomes:

Yl :(Txy ~Pn fsn Sin\VCOS\V)Z _(px fsx +P, fsn COSZ W_Gx)(pn fsn Sinz W_Gy): 0

20 =0 G, =G, siNy +G, Cosy coty —2t, COSy
With loads transformed to skew coordinates, the relationships for the direct design o,
of the reinforcement in Regime 1 follow from: Oy = sin
\)
k =|cosy +siny cot 6 Ty, =T, =T, — O, COtLy
Py -
prsxz_i(c +k|t. ) P 2 _1 (G +ktr, ) vo .
sing ' o T siny ' " o WP \
y \n L — X &

and for checking the concrete compressive strength:

[ 21, cosy [t |(k+k ") |=-,

O, =—
“ siny

(see dissertation Seelhofer, 2009) y nn 1
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The relationships are more complicated than for orthogonal reinforcement, since the reinforcement
inclined with respect to the (x, y)-axes bears part of the shear loads n,, (unlike orthogonal reinforcement,
for which n,, = 0).

If the stress is transformed using skew coordinates (in the direction of reinforcement), the design can be
performed in the same way as for orthogonal reinforcement (direct dimensioning). For the sake of
simplicity, the coordinate axes are selected so that one reinforcement direction runs in the x-direction.

The given relationships were derived from Seelhofer and Marti and are much more practical than older
"design algorithms" for skew reinforcements , as they are implemented in FE programs today (in the case
they allow a design of skew reinforcements at all).
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Skew reinforcements
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(from dissertation Seelhofer, 2009)
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Similarly to orthogonal reinforcement, the yield conditions of membrane elements reinforced in a number
of arbitrary directions can also be determined by a graphical linear combination of the non-plastic zones of
concrete and reinforcement.

The non-plastic domain of each reinforcement layer is a straight line. While these straight lines are parallel
to the coordinate axes for reinforcements in the coordinate directions (here: x-reinforcement), they are
inclined for skew reinforcement. They are neither in the plane, n,,= t,,=0, nor are their projections into
this plane parallel to one of the coordinate axes. The corner points of a reinforcement inclined by the angle
P, with respect to the x-axis are defined by the membrane forces {n,, n,, N}y = {agfsCOS%Y,,
ag - fesin?Y,, ag-fy.-siny-cosy,} corresponding to its tensile yield force ay-f, or by the equivalent
stresses {p, -y c0s2Y,, pi-fy-Sin?WPy, pi-fo-sing,-cosy,} (see bottom left figure).

These two straight lines of the reinforcements in direction x and k can be combined to a parallelogram
which lies in the plane defined by the two straight lines (see top right figure).

With three inclined reinforcement layers, the non-plastic domain of the reinforcement corresponds to a
parallelepiped (see bottom right figure). For even more reinforcement directions, the yield surface can be
constructed as a graphical linear combination of the yield figures of the individual reinforcement layers.

(continued on the following slide)
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Skew reinforcements

Vi

— Two oblique = skew reinforcement layers: flat,
parallelogram-shaped yield figure of the reinforcement,
inclined relative to the o,-c—plane.

H Y
— Three oblique = skew reinforcement layers: fosin®y
Parallelepiped, can carry load without concrete

(imagine a hinged connection of reinforcing bars)

f.sin?y

sn

B

— Yield surface of a reinforced concrete membrane
element results from translation of the concrete yield ke P— fEJ.k 2p, f, H‘ ~2p, f, cos®y
surface with its origin on the yield surface of the 2

. . . . . - px fSX + pn fsn COS \U
reinforcement (geometric linear combination)

(from dissertation Seelhofer, 2009)
Alternatively, n inclined reinforcements can be
transformed to the orthogonal x-z coordinate system to 6. +G (csx —Gsy)z +41Z,
determine an equivalent orthogonal reinforcement. The Oy =D, 04C05°y,  Oy,=D 04C08"y, sz L 2
yield conditions of the orthogonal reinforcement can then ' '
be used, whereby the applied stress is to be transformed 5, =Y o, siny, 0y =£tan’{ 215y J
into the direction of the equivalent orthogonal g 2 o
reinforcement.
(see dissertation Seelhofer, 2009)

G, — O

‘Csxy = zcsi sin Vi COS\Vi
i
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As with orthogonal reinforcement, the non-plastic domain of the concrete consists of two elliptical cones
(front o, =0, rear o =-f,). Combining the non-plastic domains of concrete and reinforcement results in
the yield surface of the inclined = skew reinforced membrane element (see figure above).

Alternatively, skew reinforcements can be replaced by an equivalent orthogonal reinforcement. Assuming
a constant stress state in the reinforcement (i.e., yielding), the stress state can be transformed to the x-z
coordinate system, even for a reinforcement mesh consisting of any number of non-orthogonal
reinforcement layers (see equations in the figure).

The equivalent steel stresses of the equivalent orthogonal reinforcement then correspond to the principal
stresses (0, 0,) of the stress state defined by (o, 0, , Ts,)- The directions of the equivalent orthogonal
reinforcement correspond to the associated principal directions (1, 2).

For the equivalent orthogonal reinforcement, the yield conditions for orthogonal reinforcement can be
applied. For the verifications, the loads shall be transformed into the directions (1, 2) of the reinforcement.
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Summary

— «Reinforced concrete = steel + concrete»

— Well suited for design on the basis of FE calculations
(limit values)

— Dimensioning for Regime 1, verification of the
prerequisites (no concrete crushing, compressive
strength, see compabtibility and deformation capacity)

— Safe design possible with linearised yield conditions

— Regime 2 important for beams, "web crushing failure".

— Skew reinforcements can be treated in the same way (but
mathematically more complicated)
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